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Abstract: Physically Informed Neural Networks (PINNs) are machine learning models that solve
differential equations by embedding physical laws into the loss function of neural networks. Introduced
around

2017-2018 by Raissi, Perdikaris, and Karniadakis, they unified data-driven learning with physics-based
modeling. PINNs have since been applied to a wide range of ODEs and PDEs in fluid dynamics, biology,
and engineering. Current research enhances their robustness, efficiency, and ability to handle complex
systems and noisy data. Sobolev spaces are function spaces that generalize the concept of
differentiability and integrability, allowing the study of functions with weak derivatives.

Developed in the 1930s by Sergei Soboley, they became foundational in the theory of partial differential
equations (PDEs) and functional analysis. Sobolev spaces underpin the mathematical framework of
PINNSs by justifying the inclusion of derivative terms in the loss function. The augmented loss penalizes
deviations in function values and their weak derivatives, aligning with Sobolev norms. This promotes
smoother, more physically consistent solutions. Future work may exploit this by designing Sobolev-
norm-based regularization or training in Sobolev spaces. Such strategies could improve convergence,
generalization, and robustness to noise in PINNs.
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